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1. Introduction

Let be a topological group and pt(E) a semi-group of

finite positive measures on %} That is to say,

Vel
.Jpp (doﬁpt(oflE) = pg t(E) s,t > 0 and ECf?” It follows that

p (g)pt(g( s+t( (,)s sO that pt(‘;f) et for some c3

j after replacing pt(u) by e Ctpt(h.) we may therefore assume
I8 "
|t P.((,) =1 for t > 0. We shall also assume that 1lim p,(E) =1
b whenever E 1s a neighborhood of the identity e of g%.
l“ The pt(E) give rise to a semi-group St of linear trans-
"
| formations on the Banach space of bounded continuous functions
| ong:
f btf.(T) = v[pt(dc')f('zr'o’),
e
! 7
i where S.f ()  1is the value of the function 5,f at 7. The
1] 0 St have these properties:
L1} lim Stf f
' ' tN O
|
|! 5,£,(¥) 2 inf £(7) t >0
Tc( - Tc
1 f %
,. Ldst-otLo, Uc(z,t>0
|

i Here L, 1is the left translation L f (7) = £f(o"17) and the

ﬁ first equality holds for every f which is uniformly continuous

in the left uniform topology of /", The second property men-

tioned is equivalent to the statement that Stf =f 1if f 1is

a constant and Stf 2 0 if ¢ 2 0.

If we suppose that é} is locally compact we may, altering
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the situvation slightly, start with a semi-group St and’derive
a semi-group pt(E) from which the St are obtained in the
manner just described., If (g\ is not compact, let (f be its
rne-point compactification;éthe point at infinity a’ 1is to be
kept fixed under automorphisms and left and right translations

of (,. When (/‘ is compact take B to be itself; all state-
ments concerning a are vacuous in this case. Now let C, be

the Banach space of continuous functions on and (St)t>0 a

semi-group of bounded linear transformations on Z: satisfying

(1) lim S,.f = f £el
twO0

(2) mi? 5.f£.(?) 2 mip £(7) i cf, t >0
TC/ * - 78

(3) LsS: = 5¢Ly t >0, & c?

It follows from (2) that the bound of St is 1, Hence for
each t > 0 and each 7 in 9‘ there is a measure qt(T,E) on
% such that

S.f,(7) =\J_ a4 (7,d0)f (o).

It also follows from (2) tha qttr,m) 2 0 and qt(r,/ﬂ) = 1.

Now (3) implies that q.(0%,0E) = q (7,E) for U&?, "65?',

—
—

EC ;. Thus there is a measure pt(E) = qt(e,E) on g such
that qt(TyE) = pt(T-lE) for every % in /Q. It is éasy to
see that 1if (’ is not compact qt(a,E) is' 1 or O according

as E contains a or not. Otherwise qt(a,E) would be

strictly positive for some compact set E not containing a3

1

we could then take a sequence dk so that the sets oi E are

pairwise disjoint and obtain from (3) the absurd conclusion
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1= qt(a’é;) 2 i qt(a.oilE) = i qt(a,E) = ™.

by

We define the convolution F ¥ G of two measures on Zk,

each of total measure one, by

.-
I

’/"F(dd)G(o’lE) E C ?,

F * G_(E)

F % G (a) = F(a) + G(a) - F(a)G(a).

With this definition, the semi-group property of the St implies

Pg ¥ Py = Pgrge

Finally (1) implies at once that pt(E) > 1 as tMO
whenever E 1s a neighborhood of e.

Let us call a semi-group satisfying (1), (2) and (3) a
probability semi-group. The justification of this name will
become clear in Section 5.

Our object 1s to characterize all probability semi-groups
on an arbitrary Lie group g;. We deal with the St rather
than the corresponding pt(E) because the characterization
is most neatly stated in terms of the infinitesimal generator
M of the semi-group St' Recall that M 1is the linear trans-
formation whose domain.‘ﬁ is precisely the set of those f
in '6 for which

(%) lim

exists, and whose value at an f in ﬁ’ is given by the limit
(4). It is well known that the domain h of M 1is dense in
G and that the range of each St is contained in ﬁl Also,

if one defines

R G
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Rf = fe'tstf at,
0

then R 1s a one-to-one bounded linear transformation of 7 on

ZT » and for every f in 17

R(1 - M)f = £,

These properties of the infinitesimal generator all follow
from (1) and the fact that the norm of each St is one. Taking
(2) and (3) into account we proceed to derive the explicit repre-
sentation of M under the assumption that is a Lie group.
The next section discusses some preliminaries, two of which -
the lemmas in parts D and E = are essential to the main argu-
ment. Section 3 proves that the infinitesimal generator of a
probability semi-group must have a certain form, and Section 4
proves that every transformation of that form generates a proba-
bility semi-group. These results are summarized in the theorem
of Section 5; this section also contains a brief interpretation
from the point of view of the theory of probability. Finally,
in Section 6, we show that when the St are 'self-adjoint' the
expression for M takes on a particularlysimple form.

We introduce the compactification ﬂi (and the attendant
nuisance of the exceptional point a) oﬂly as a technical device
to make several proofs easier than they would be if, say, we
treated only functions on [q vanishing at infinity. In order
to insure pt(a) = 0, so that the pt(E) are distributions on

3;', we have only to require that sup Stf.(zﬁ can be made
Te

arbitrarily close to 1 for some function f in 'Z’ which

satisfies f(a) = 0 and f(7) {1 for all 7 incfz.

—— e S
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The consideration of arbitrary Lie groups, rather than
separable ones, brings with it no greater generality. One can
see this by noting that a finite measure ,y on éf must vanish
on all but a countable number of cosets of the connected com-
ponent N of e in g;; Thus the collection (26 of those cosets
of N on which pt(E) differs from zero for some rational t
is a countable set; let 1 be the separable group generated by
the elements of cogets in ;% and 7 the compactification of
9;/ using the same point a as for + Now consider any func-
fion f in 'ZE which vanishes outside some compact set
which has no point in common with g:. Since v/}t(dc)f(d)
vanishes for all rational t and is a continuous function of
t, it must vanish for all t. Hence for all t the measure
pt(E) is confined to g;): It is easy to see that the semi-group
defined by the pt(E) acting on the continuous functions on
. is a probability semi-group from which the original semi-
group St can be obtained by left translations,

2. Preliminaries
Let us dispose of some matters which otherwise would inter-
rupt the course of the argument.

i

A) Let X°,...,X" be a fixed basis of the left invariant Lie

algebra of 52 and Y a right invariant Haar measure. Setting

§§ = exp(in), we have, for every differentiable function f,
(1) x () = 1im ‘sl-{f('zgé) - f(z')}.

s—>0
It follows that if £ and g are smooth and vanish outside a

compact set
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(2) inf,(cr) g(o) VY (do) = - ff(d‘) Xig.(cr) Y (da).

¥

If A 1is an operator of the form

_ i ivd _
(3) A = ZaiX + Zain XY = Al + A?_

we may assume that a, yexixd - xdxdy

8419 for %(aij agy
is an element of the Lie algebra and may be adsorbed into the

first sum. The representation of A, supposing the aij sym-
metric, is unique. It is clear then that any left invariant,

second order, linear, differential operator which vanishes on

constants may be written in the form (3) with the ay and aij
constant, and that the operators Al and A2 are uniquely

determined. Making use of (2), we see that

%) {tof (N s w0 = [20) a8 () D (ao),
7
so that A2 is self-adjoint with respect to the measure 1,

B) Let C‘k be the set of those functions in § which have

continuous derivative of order k, and Z‘k the subset of Ck

i

1.1
1 x72, . .x

comprising those f for which X" f,...,X X k

f extend

»,
by continuity to become functions in 6,

The norm on G 1is ||f| Io = sup,.lf('c‘)l on X we define
the norm y

i 1, 4 i

el = Lglly ) {le Legl, +ooor iz 2720 0X kfllo},
il,...,ik

thus making ’(k a Banach space. 'Ck, considered as a subspace

of C is dense in C; the left translations of 9, leave Z’k
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invariant; and IlLbf - fll,> 0 as o —> e, provided f is in
ZE,
C) 1In Section 4 we shall use the fact that differential
operators can be approximated in the following way by difference
quotients.

Consider A = EaiXi + ZaiJXiXJ, where the matrix (aij) is
positive semi-definite. The expression for A at e 1n a

suitable coordinate system is

with m some integer between O and n. Let us set

K=14+ Zlbil and take P, to be the point of %; whose

— i iy _
coordinates are xj(Pr) & bj/r, Ny the point xj(qr) = bij/r,

i

and &

the point XJ(C%) = 'bij/r' For every function f in

Gz the quantity

rlf(P)-f(e)] + r2 = [rOhierlr-arce))

1<igm

differs from Af (e) by terms which are dominated by the
oscillations of the first and second derivatives of f, with
respect to the coordinates X4 in the neighborhood
lxi(oﬁl < K/r of e. Observe that if one considers only sets
E which are all contained in a fixed sufficiently small
neighborhood of e, then the oscillations of the derivatives

) 2
g%g— and :S gx over E can be majorized by an expression
i 197

1 143
Zey oscE(X £) + zcij oscE(X XYf)



————
« P R

e

-8-
where the coefficients Cy and cij depend neither on f nor

on &,

By making a lef't translation we have
(5) 1im r[£(CP)-£(T)] + lim 2 3 [f(r7§)+f(<§1{)-2f(“c)] =4f, (™)
r—> r—> 1i<m

for every f in G° and every - in gﬁ. It follows from the

definition of 332, moreover, that the limits exist uniformly in 7.
Let us set Af,(a) = O. Taking into account the coefficients
in (5) we see that there is a sequence of finite positive measures

P‘r(E) on g - e such that for every f in 3’2

6) [ o] pa) » a0, (v rso

%-e

in the metric of 23, provided that A = ZaiXi + zainin with

(aij) positive semi-definite.

D) For p and f continuous on ggN, with p vanishing outside

some compact set, define

p* £ (v) = fp(q"l)f(qr) v(dy) = J p(t r[l)f(r() y(dn).

4 7

If £ isin &L then px £ is in =1 and

f(rzgi) - f(yt)
Xi(p * £).(r) = 1im p(q'l) ALF = Z ‘y(d:p
s=>»0

(7)

£l - £
= Jp(»z‘l) 113 U s - ! V() = p « Xl (™)
s=>

because the limit under the integral exists uniformly for er
restricted to any compact set.
On the other hand, assume that f is in O and that p,

besides vanishing outside a compact neighborhood Uk of e,

belongs to El. Then p * £ belongs to Z:l and
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1,.-1 -1
pv ) = p(zh ™)
Xi(p * f).('z) = 1lim f gsn -Z\--- f(rl)V(dTL)
s=>0 s
-1 =1 -1
p(T{T ) )
(8) < g‘% [ §S 1 o) v ()
S
S P S =
p(7¢ T ) - p( )
- /lim §S ls ! f(wwy(dr@
s=>0
= (alp) * £ (7)
where
i -1
p( o) - p(o)
(9) A%P,(o) = lim 7557 Z .

s=>0 =

A few words must be said about the passage to the limit. Res-

trict 7 to a compact set E and consider only those s which
are so small that §; belongs to 1(; then pCr{iqflG? - p(o)
vanishes if o does not belong to the compact set E1471E'17(.

The limit in (9) exists uniformly for o in E1{'1E'11( and
T in E. 5o % {p(r 21710) - p(cﬁ}, considered as a function
of o, is a Cauchy family in Ll(y, ) as s=»0 and satisfies
the Cauchy condition uniformly for 7T in E. Thus the inver-
sion of the integration and limit in (8) is justified.

These are the results we need in proving the following

lemma, which will form the basis for the next section.

Lemma. Ilet ﬁ Ye a dense linear manifold in & which contains
all constants and has the property that p * g 4is in fj when-

ever g 1s in EV and p 1s a continuous function vanishing
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outside a compact set, and let the positive number & and the

compact subset E of ' be given. Then (i) for every f 1in

'Cl there is a g in z/v such that

g e, gle) = £(e), X'g (o) = X' (o)

It - ell, <& 1%t () - XY ()] <& for 7eE,
and (1i) if f 4is in ?32 we may further achieve

x1xdg, (o) = xXxde (o), [xIxIt,(2) - xXxIg ()] <& for e E.

We shall content ourselves with the proof of part (i), for
the proof of part (ii) 1is much the same.

Let f then be in Y. We first choose p in T,°, non-

- ‘F'I‘—-I "

negative, vanishing outside a compact neighborhood u of e,

so that

; lip*£-£lly <3
X p*e) (D) - X e ()] = |prxie) (@) - xEE ()] < 2 for 7c E,
and set

- a1l i -1
K = /p( r\) u(dr() + 1<Z ga>Ec J“rpol ) | U(dq).

Take g in ﬁ' so that ]lf-§110<-§(-. Then g = p * g is
in a0° and
lp*g-pxtlly=llp* @-Dll, <k =%

Ixpe@). () - xHeet) (] = [(alp)x(E-0) (D] <k

Rle-

-8
=3 for 7¢ E.

So |t - gll, <5 and |X'f (2 - x'2, (@) <& for ve k.

—

s
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Using what we have just proved, we find functions

= = / b 2 i
Yiseees¥p in pﬂ C so that ?i(e) and X ?J,(e) are near
0 and biJ' By a }iq?if change of variables y, = Zaij§j + by
we obtain y; in 270 G satisfying yi(e) = O Xiyj,(e) = bij'
If A=3 max |y, (7)| + = max lXiyJ.(T)i then the function
1 2eC i,j ZeE
I - - i= i
g = - (Be) - £(e)) - = {x'E (o) - X £.(e)} vy
i

agrees with f at e through terms of first order and also

||f-g]|o<b+b+bA=(2+A)6
|x1t () - x%g (7)] < 5+ 84 = (1 + A)s for e E.

Since & 1s arbitrary, we have proved part (i).

—

E) Let )( be a compact space, I = [0,), and f = f(t,x) a
continuous function on Ix{ with the property:

= 2f
(10) If f(t,xo) = min f(t,x) then 5t (t,xo) > 0.
xc)(

It i1s not difficult to show that then for every ¢t 20

(11) min f(t,x) > min £f(0,x)
xe}: = x;?

By adding a constant to f we may assume in the proof that
min £(0,x) = 1. Let ¢ be positive and consider the function
g(t,x) = eth(t,x), which achieves its minima (for given t) at
the same points of x as does f(t,x). Now assume that
g(t,x) < 1 - ¢ for some pair (t,x) and some & in (0,1).
There must then be a pair (to,xo) such that g(to,xo) — i N
t, > 0, and g(t,x) >1 - ¢ forall t 1in [O,to). Conse-
quently %% (t,»x,) £ O On the other hand g(t_,x,) =




————

=10
ct
min g(to,x) =e ° min f(t sX), so that
Xe xe)
cto of
2 (to,xo) = e 3% (t 0*¥o ) + cg(t ox, )2 c(l-¢€)>04
and we have arrived at a contradiction. Therefore g(t,x) 21

for all t and x; by letting c¢ decrease to zero we obtain the

same result for f.

Consider now a semi-group (Tt)t>0 of bounded linear trans-

formations of the Banach space ?:()() of continuous functions
on )( which satisfies

1im T.f = £ feT (L)
t—>0 © LS

and denote by A the infinitesimal generator of Tt' which we

assume to have domain dense in ?Z()L).

Lemma. The semi-group Tt has the property

(12) min T,f (x) 2min f(x) fe (10 Q)

xe) xe),
if and only if

(13) Af.(xo) 2 O whenever f ©belongs to the domain of A

and f(xo) = mii £f(x).
Xe

Assuming that (12) is true and that Af 1is defined, we

have

AL (x,) P {n,e,(x,) - £x,)]

t\s() t

2 lim %-{min th (x) - min f(x)}
T tNO0 xe) RX

2 0.
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Thus (13) is also true.
Assuming that (13) is true, we note that for f in ?;(X)

and t positive the function th is in the domain of A, so
that

d =
et = AT T t>0.

Thus the function f(t,x) = Stf.(x) satisfies (10) and, accord-
ing to (11), the inequality (12) must hold.

3. The Infinitesimal Generator.
We turn now to the study of the infinitesimal generator M

<)

of a probability semi-group St on a Lie group .

-

L.: i - {5 defined by

)1
I}lf_('r) = /51”(7(2’ }1(d7()

is bounded; also Ppst

If }1 is a bounded measure on 9 the transformation

= St%P’ for St commutes with left trans-

lations. Hence

S f - f S,f - 1f¢
14n SEB - 21 (1w —t—t—-}
t~0 P lt=0
exists for every f 1in b/, so that L h’ is included in ﬁ.

S I

Moreover b’ is dense in ¢ and contains all constants. Conse-
quently the hypotheses of the lemma in part D of Section 2 are
fulfilled by j}.

An appropriate use of the lemma yields the existence of a
function @ in ﬁ‘n G2with the properties @(e) = Xi‘P,(e) & O
XiXJ¢_(e) = bij’ P(2) >0 for T in o - e. In a system
XqsesesXy of coordinates near e which are fitted to the Xi

— that is to say, xi(e) = 0 and Xixj.(e) = bij — the function



-
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? behaves like in near e.

Once 9 has been fixed it is an easy consequence of the
lemma that fcr every f in fz;z and every positive ¢ one can
find a function g in ﬁnﬁa such that [£(7) - g(?)| < € @ (%)
for all T 1in 9;.

This being so, we prove that

5.f (e) - f(e) ~
tl, - =t11%%. _pi (a0 [f(c) - f(e)]
™S

(1) Af = 1im
tVvO

exists for every f in 232. Given € > O, take g 1in ﬁf so

that |£(%) - g(¥)| < € ?(¢). Then

1§ [ryaminio) - t [ pae@] s § [ ) %),

and the term on the right is C}(c) because ¢ 1is in ﬁf. Con-
sequently, % J,pt(dcﬁ[f(cﬁ - f(e)] differs by C}(c) from

% J(pt(dcﬁ[g(oﬁ - g(e)]; since the latter function tends to a
limit as t decreases to zero (since g 1is in 1?) and since ¢
is arbitrary, the limit in (1) must exist.

Consider the family of positive measures

Ft(E) = % d/'¢(d)pt(dc)
E

S
defined on % Since 1lim %j(P(O')pt(dO') exists the family is
t-20

uniformly bounded for all t; and according to the relation (1)
which we have Jjust proved the integral

VGRS

-e

converges, as t > 0, for every f in 732 which vanishes at e.

—— - —— - - =
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Hence the F,(E) tend weakly orlgz- e to a bounded measure
F(E). It follows that for a function f in 7? vanishing at

e, we have

%ff(c)q’(o)pt(do’) - J f(o)F(do).

'l -

' / /o

[ Again making use of the lemma in part D of Section 2, we
i

|

]

2
determine elements X4sXy4 Of DAl S so that x4(e) = xij(e) =
i

= i _ 13
X xjk.(e) =0, X xj,(e) = 613’ and XX xkl(e) are zero unless
: the pair 41,J 1s the same as the pair k,1 —in which case the
b value is 1 if 14§ and 2 if i = j. Thus the Xy serve
|

as a coordinate system at e and the Xy behave like the pro-

J
A ducts xixj through terms of second order at e.

| Take any f in (> and set f(e) = c, Xif.(e) = ¢y,

i, — _ 1
i b chxk).(e) = Cyqe Then f - ¢ - ZegXy - 3 Zcijxij

is in {2 and has the form h® with h in  and h(e) = O,

Hence, setting

%
l b, = lim % [p.(dD)x, (o), b =11nnlj}>mcm (o)
; 1 tsotlt SRy 2t30t5 t 1J
| we have )L
| 1
S, f (e) - f(e) S (Zc, X, + 5 T, q1%,.4),(e) 5,(h?), (e)
t>MO0 tNO0 ty 0

f(o) - ¢ - Ze,x, (o) - L, x (o)
' = Zbici + Zbijcij +r_]/ = ¢%g; CRME RS F(do),

;&-e

where we have written out h explicitly in the last integral.

Note that the integral ‘:J( xij/¢F(dd) makes sense,

y-e

s

= - © T e — D
.._.*__..._-. e
M
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because xij/¢ is a bounded continuous function on (4, - e. Thus
we may drop the term % J(Zcijxij/¢F(dcﬂ from the integral if
we agree to adsorb it in the sum zbijcij by changing the values

of the bij appropriately. After this change is made we can

write

ZaiXif.(e)-b-Zaininf.(e)-i--J/ {f(o-)-f(e)-zxif,(e) .xi(O')}G(dc

:’;-e
F (e) + AL (e) + [{f(o‘) - f(e) - ZXif.(e)xi(O’)}G(dO’)

-e

(2) Af

in just one way with symmetric a4 (see part A of Section 2),
and G(E) 1is the positive measure

G(E) = ]5(1—07 F(do), EC? - e
&

Here the measure G(k) and the operator A2 are uniquely
determined by A, whereas Al is determined only after the Xy
have been chosen. To see this note first that for f in 2;2

| and vanishing near e

RIS Af =_Jf<cr>c<do->.
-

, which proves that G(E) is uniquely defined. That being so,

the part of A not accounted for by the integral is also well
defined once the Xy are chosen; but changing the xj changes

only Al, so A2 is uniquely defined by A.

It is easy to verify that A2 is elliptic —that is to say,
the form ZaiJ Ai %J is positive semi-definite. To see this
we confine our attention to those f in ﬁ/n?za for which

T e R X7 1% A —— BT —

e g
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£e) = X1t (e)

it

O and f£(7) 2 0 for 7'# e. Since f(e) =
min f(o) and Stf.(zﬂ 20 forall 7 ¢ e;, we have

Gcg
(%) Af = lim £ 5.f (o) = A, (e) +‘J_‘J/f(0') G(do) 3 O.

(4. -e
Assume, for the sake of arguing by reductio ad absurdum, that

Azf.(e) is negative for some such f. Making use of the lemma

in part D of Section 2 we construct a sequence of functions fk’

of the same type as f, such that XXIf . (e) = x'xIf (e) ana

—

Jfk(c) G(do) = 0 as k = .
(; <e
Thus for large k we have Afk < 0, which contradicts (4).
Now, the matrices (Xinr,(e)) range over all.positive
semi-definité nmatrices. Since Azf,(e) is
always non-negative the form Zaij %i Xj must therefore be

positive semi-definite.

When demonstrating in the next section that ﬁf always

includes '52 we must know beforehand that the linear functional
A on?,;2 completely determines the probability semi-group St
from which it is derived. To see this note first that A on

732 determines the constants a; and ay ; and the measure

G(&8), so that A 1is determined on all of 732. Now consider

any f in 232 which is constant outside a compact set not

containing a; since such functions are dense in Z; it will
suffice to prove that A on %2 determines S.f for all
positive t. It follows from the discussion of pt(a,m) that
8if,(a) has the constant value f(a). Alsc S.f belongs to

?32, because the derivatives of f vanish outside a compact



-18-
set. Hence, setting fo(z) = f(z) and ft(r) = Stf.(tﬁ for

positive t, we obtain a continuous function ft(r) on [O,oo)x;;

which satisfies the equations

8ft(a)
=0

ot

of  (2) -

%t—-zlim%fSSf(T‘)-Sf(’Z‘) Te (
sy03 | 8 //
:A(Lz,Stf)

BT OE (D4 /{ft(tcr)-ft(’r)-zxift,(Z’)xi(d)} G(do).

u 7%
| /-

| The fact that Stf is uniquely determined by A on Z§2 is

T e e
i

therefore equivalent to the following statement, which is but
a particular instance of the preliminary result in part E of
Section 2 because A2 is elliptic: Let gt(?) be a continuous

-

function on [O,oo)xg; such that gocr) = 0 for all ¢ 1n‘;f,
284 ()

—_ ot )
t and all 7?7 in g;, gt(zﬁ is twice differentiable on g; for

' - gt(a) O for all positive ¢, exists for all positive

| each positive t. If also

!
284(7) :
' | '"3{"' = Algtﬂ77+628t§$7+:_J%FtCHOﬁ-gt(tﬁ-ZXigtgf) xi(oﬁ}G(doj

)
then gt(w) must vanish identically. This completes the proof
that A on 2;2 determines the semi-group S,.

4. The Generation of Probability Semi-Groups
The preceding section shows that a probability semi-group

[ defines on 2;2 a linear functional which uniquely determines
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the semi-group. Turning matters around, we now prove that every

linear functional on 'Ez satisfying the obvious necessary condi-
tions gives rise to a probability semi-group.
Let the linear functional A be defined on §° by

(1) Af = Za Xif (e)+ZaiJX xJ f, (e)+ ( f(00-f(e)-zxif.(e)xi(oﬁ}G(dd)

L

where the ays aij’ Xy and G satisfy the following conditions
(a) X)veeesXp el . xy(e) = 0, xixj,(e) = Byy

(e) G(E) = ‘j,$%33 F(do), where F 1is a bounded positive

measure on 9 - e and ¢ 1is a function in ZSZ with
y

o(e) = x1o.(e) = 0, xixdo, (e) = byg» 9(T) > 0 for

-t

75/-80

It is clear that (1) then defines a bounded linear func-

tional on the Banach space ij and that the equations

(2) NE, (7)

)

A(Lz,f) 2‘5/7

Nf, (a) 1im A(I;Kf) = 0

T->a

define a bounded linear transformation from 252 to B, We are
going to show that N is the restriction to % ° of the infini-
tesimal generator of exactly one probability semi-group.

First let us consider an A which can be written

(3) Af = _ ]{f(O') - f(e)} G(do)
/f-e
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with G a bounded positive measure on - @3 such an A 1is

obviously a special case of (1). Then N 4is given by the

expression

(&) NE.(2) = /{f(’[’o‘) - f(zf)} 6(do) m?/

and this equation defines N as a linear transformation from

the submanifold %2 of & to & itself which has bound

IINIIO = 26(5?- e) when llfllo is taken as the norm on iﬁz.
Consequently N extends by continuity to become a linear trans-
formation N: T’—) Z: with the bound 26(7{- e) and the same
expression (4) for all f ¢ u "
It follows that the St = exp(tN) for t > 0 form a semi-
>

group of bounded linear transformations on (¢ which is con-

tinuous in the norm topology of operators. Since ﬁf.(tb) 20

whenever f(¥')) = min £(7’) the lemma in part £ of Section 2

2’59

assures us that min’S,f » min f for t >0 and f e ». Finally,

-

S¢ commutes with left translation of g; because N does so.

Thus whenever A has the form (3) the corresponding N
is the restriction to iﬁe of the infinitesimal generator of a
probability semi-group.

We settle the general case by approximating. First, however,
we must establish a number of incidental results.

The measure G(E) occuring in (1) is such that the integral
"} ¢{0o) G(do) is finite; by the same reasoning as in Section
7
11

")
t follows that we may assume 2% to be separable. In this
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We use these facts in proving a critical lemma.

Lemma. Let Mk be the infinitesimal generator of a probability

semi-group S&k). Suppose that Mk is defined on ‘62 and that

as k -=>o the function Mkf converges in the norm of 5} say

to ﬁf. for every f 1in 272. Then Sék)f converges, say to
Stf, for every f 1in G and t > 0; the transformations St
form a probability semi-group; and the infinitesimal generator

of St is defined on 132 and coincides there with M.

First we have
(k)
asyt’r .
li—Se—11, = Us8uell, ¢ limeil,

for f 1in 62; so the S%k)f, considered as functions of ¢,

have a common modulus of continuity, provided f 1is in 132.

The result preceding the lemma may now be applied to obtain a
subsequence, which we again denote by Sék), and a probability

semi-group St having the property that Sék)f - Stf for

—

every f ¢ Z;’

We recall that in the theory of semi-groups one proves that

the linear transformation

(0 0]
(5) rik)p - /Oe'tsék)f at

-

is a one-to-one transformation whose bound on 'ﬁ is 1 and

which maps (s onto the domain }jk of M Also
(k) (k) - ¥
(6) Rr - Ry r = 1 for £ ek,

Let us pass to the limit here. We define R by an equation

T d s it~ 0 ————
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similar to (5) and denote by M the infinitesimal generator of

Sge Taking an £ in %2 and letting k-»> o0, equation (6) becomes

Rf - RMf = £ £ e 8.

This equation tells us first that f 1s in the range of R,
hence in the domain of M; next, that Mf = Mf, for Mf satis-
fies the same equation as Mf and R 1is one-to-one. This
proves the lemma for the subsequence. But note that according
to the result at the cnd of Section 2 M determines 83 s0
our construction of St does not depend on the subsequence
chosen. A familiar argument then shows that the full original
sequence of semi-groups must converge to St'
Wle are now in a position to show that a linear functional
given by (1), with conditions (a)(b)(c) holding, defines by
equations (2) the restriction N to f?z of the infinitesimal

generator of a probability semi-group.

Conslder an A of the form

(7) s = (fe - 2o - 2xe(e).xy(0 ) 6(a0)

/e

with G Dbounded on é;- e. We may write

AT = X£.(e) + f {f(o’) s f(e)} ¢(do)
g'-e

where X = =% .<’)( xi(oi G(doﬂ>.xi is an element of the Lie
i~

algebra of Aq. We have seen in part C of Section 2 that there

is a sequence of bounded positive measures M on - @ such

that //v{fﬁfoﬁ - f(zd} 'pk(doﬂ —> Xf in éf whenever f
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belongs to 252. Now, by what has already been proved, the trans-

formations

NL.(2) = _f{f(rd) - f(z‘)} {G(do*) + )Jk(dcr)
( Ze
7
are the generators of nrobability semi-groups. Hence, according
to the lemma, the N defined by A 1s the restriction to 552
of the infinitesimal generator of a probability semi-group.

The same argument disposes of an A of the form

o)
-e

Af = ZaiXi + ‘/{f(cﬁ - f(e) - ZXif.(e)xi(oﬁ} G(do)

el

when G 1s bounded on - €.

Consider now the gceneral case. Take a sequence of bounded
-}

positive measures M, on 2/ - e so that j'{ftfoﬁ - f(zd} pk(doﬁ

tends in (b to Zaijxixjf for every f in 122 and let G (E)
be the bounded measure on ? - e defined by G, (&) = G(En(g ~ Y
where L(k is a decreasing sequence of compact neighborhoods of

¢ shrinking down to ¢. If we definc

Nkf‘("f) = Zaixif.(qr) + /(f('rd)-f(z“)) )J.k(dcr) +
7
-e

_ j/{?(ﬂoﬁ-f(r?-zxif.(T)xi(o51

J

G, (do)
-e
then Nk coincides on €32 with the infinitesimal generator of
a probability semi-group and also Nkf-> Nf in if for every
f in 82. Hence N 1s the restriction to ’52 of the infini-
tesimal generator of a probability semi-group.
At this point we can verify that the infinitesimal generator

e
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of a probability scmi-group is always defined on iﬁZ. Let St
be the semi-group and A the linear functional on i&z derived
from the S, as in Section 3. When this A is taken as the A
of equation (1), the equations(2) define the restriction N to
6? of the infinitesimal generator of some semi-group, say §t.
But, according to the last result of Section 3, the two semi-
groups St and §£ must coincide, for they induce the same

linear functional A on 2752.

5. Statement of Results
Collecting what we have proved in the preceding sections

we have:

Theorem 1. Let St be a probability semi-group on a Lie group
2
9{. The infinitesimal generator M of St is defined at 1least

on Z:z and has therc the expression

(1) ME.(D) = za X't (2) + za, XL (p) +

1J

- f{f('r(r) - () - ZXif.(’c’)xi(O')} G(do),

~

&; -
whero

(a) X reeesXy c.'zz, xi(e) = 0, Xixj.(e) = biJ

(b) ay5 = a4 Zaiin)\Jgo for all >\i

(¢) G(E) = £ 5%33 F(do), where F 1s a bounded positive

2 with 9(e) =

A 7
measure on ?-e and ¢ 1is in ¢

Xiq’.(e) £ 0, Xiqu).(e) & 61.1’ P(T) > 0 for Tc?w- e.
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The measure G and the operator ZainiXJ are determined by
t independently of the choice of the Xi and X4 Moreover

l the restriction of M to ‘82 determines the semi-group St‘
Conversely, if the operator M: 3 - - 22 is defined by
(1) and if conditions (a)(b)(c) are satisfied, then M 1is

! Z o}
‘ the restriction to '62 of the infinitesimal generatopAexactly
E one probability semi-group.

We add a few remarks.

First, G(a) = 0 1if pt(a) = 0 for some t > 0; conversely,
pt(a) =0 forall t >0 1if G(a) = 0.

. .
| ‘ Second, M 1s a bounded operator on ‘5 if and only if

—

-

/ _

with F a positive bounded measure on 9?- €.

(2) Mf.(7T) = j’[f(rc)- f(z)] F(do)
)-e

Third, if 7 is discrete then M 1is necessarily of the
i form (2).

' Fourth, the set of generators of probability semi-groups

| is a positive cone in which operators of the form (2) are dense.
| | To be precise, let JI, be the set of restrictions to T2 of
infinitesimal generators of probability semi-groups. Then .77L
| is closed under the operation of forming linear combinations
with vositive coefficients; furthermore )7L is closed in the
strong topology of linear operators from the Banach space “32
to Z.:, and the operators (2) are dense in /. in this topology

(see the Lemma of Section 4 and the subsequent argument).

Finally, we sketch the probability interpretation of our
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results. The definition qt(oym) = pt(c’lE) yields the transi-

9

tion probabilities of a stationary Markoff process on (as-
suming that pt(a) = 0) which is the invariant under left trans-
lations, q.(v0,78) = qt(cyE). By choosing an appropriate
probability space one may 'realize' the transition probabili-
ties by a stationary process of random variables Xt with

values in ;; and independent increments. This is to say,

-1 - .
r&~{xs X, © m} = p_ () 0<s<t
= =

X x-1

and the increments thxtz,xt t3""’ t

Xt are independent
k-1 "k

if 0<tl<o..<tk.

If M has the simple form /\(LO,- 1) the process Xt
becomes a Poisson process in this sense: If the cyclic group

{gk} is infinite an easy calculation shows that

y k
Stf.(Tﬂ = g~/\t ﬁhtl— f(z k),

koo K!
and Xt has the distribution Pr'{x -“I 'At(At)k/k' or
O according as k 2 0 or k < 0, If &ok has finite order
r then
-1
S¢f.(¢) = '3 K, (M) £ F)
k=0

where Kk(t) = e't = tl/ll, the sum being extended over 1 = k

mod r, 1 2 0.

For an M of the form (2) we have

pele) =1 - t F((' - ) + o(t) t=>0

-

t F(E) + o(t) E Céf - e, t=»0,

Py (E)
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Thus Pr {Xglxt = ?}'V l-(t-s) F(é;- e) and

i

- 6,

\

Pr {Xglxt £ E}‘ﬂl(t - s8) F(E) for t - s small and E C 9

If M= Al then St is Just right multiplication by the
group element exp(tAl). The processes for which M = Al + A2
are the 'generalized' Gaussian processes; a detalled construction

of such processes may be found in [1].

6. Self-adioint Probability Seml-Groups.

When the pt(E) corresponding to St are symmetric in the
sense that pt(E) = pt(JE), where J 1is the involution o = o’l
extended to % by setting J(a) = a, the infinitesimal generator
M — or, what amounts to the same thing, the functional A
derived from M -- can be written in a particularly simple form.
It follows from the invariance of pt(E) that G(JE) = G(E),

8o that the integral

f[f(cr) - £(e) - = . (e)x,(0)] G(do)

9-9

may be written

% j,[f(cﬁ + f(o’l) - 2f(e) - ZXif.(e){xi(oﬁ+xi(o:l;}]G(dcﬁ.
g-e
Here the integrals j[[xi(c) + xi(o’l)] G(do) exist in the
ordinary sense because X, (o) + xi(ofl) is of second order at
e. This being so we may write, adsorbing the last terms under

the integral into Al,
(1) Af = Ayf.(e) + Ayf.(e) + & f[f(cr) + £(071) - 2£(e)] G(do)

é =0 + G(a)(f(a) -~ f(e)].
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It is clear that A must take on the same values for f and
f2f oJ. Inview of the facts that A,f.(e) = =4 f.(e), that
A2 is a second order operator, and that the last two terms of
(1) remain unchanged when f is replaced by f, — we must have
4, = 0. Then A, must also satisfy the condition A2§.(e) =
Azf.(e). So we may say: If the pt(E) satisfy pt(JE) = pi(E)
then the linear functional A derived from the semi-group St
may be written

(2) Af = O, F.(e) + % f [£(o) + £(o7 1) - 2£(e)] G(do) +

) 6(a)[£(a) - £(e)]

where the functional f -> A2f.(e) and the measure G are in-
variant under J. Moreover M and St are completely deter-

mined by the restriction of A to the class of functions f

—~—

in G2 satisfying f(o) = f(o:l).

The symmetry we have Jjust discussed implies many interest-
ing properties, both probabilistic and analytical, of the semi-
group St' In the simplest case, that of discrete j; and

pt(a) = 0, 1t is equivalent to symmetry of the transition pro-
babilities

Q(0y7) = pt(c’110 = P ( “lo) = q4(T50).

In the general situation the symmetry expresses itself most
significantly in terms of the Markoff transition probabilities
inverse to the ones introduced in the preceding section. To
carry out this interpretation in detail would, however, lead

us to far astray; instead, we develop one of the analytical con-

sequences of the symmetry.
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Let St be a probability semi-group whose associlated
measures pt(E) are confined to (; itself, and let I° be
the Hilbert space of functions on which are square in-

tegrable with respect to the right invariant Haar measure V .

The formula

th.('c’) = f o) pt(dcr) fel?
/
then defines Tt as a linear transformation, with bound one,
of L2 into itself; and the Tt clearly form a semi-group
satisfying 1lim th = f for every f in L2, so that the
infinitesimal generator N 1is defined on a dense subset of
I2, It is easy to see that N coincides with the infini-

tesimal generator M of the semi-group 35 on the set of those

£
functions f in 22 for which f, Xif, x!xIr all belong to
12 (and hence vanish at infinity).

We are going to find necessary and sufficient conditions

for the Tt to be normal or self-adjoint operators. Since

ff g(7) V(a7 /f(TO')pt(do-) = /
G

/ 7 4

the adjoint of Tt

£(2)V (47 / g(vo” 1)p, (40

v

is

* - 1
T (2) = ? f(go)p{(do)
where pé(E) = pt(JE), a notation we shall employ later on for
other measures too. A simple calculation shows that Tt is
normal if and only if Py * pé = pé * Py and that Tt is self-
adjoint if and only if pé = Py
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Let us assume that all Tt are normal and draw some conclu-
sions abpout N. Zero is never a cnaracteristic value of 1t,

because th-> f as t->» 0; consequently we have the represen-

tation
th = )( etzE(dz)f

where the complex spectral measure E 1is confined to the half

plane (fz < 0 because each T, has bound one. It follows

that the infinitesimal generator N is the normal transforma-
tion )[zE(dz)f, defined for every f in L for which the
integral f]zlz(E(dz)f,f) is finite. One can verify this in
the following way: If j |2|2(E(dz)f,f) is finite then

-~

. s
BT £ - £) - J 22(dz)f |2 = j:lz- le¥2-1-%2|%(&(dz)f,f)

and the last integral tends to zero with t, because the integrand
tends to zero and is less than Izl2 for &,z < 0. Conversely,
if %(th - f) converges in L2 as t decreases to zero, then

for some constant K

K

v

lim sup [E(T,£ - £) |2
tY0

/

1im sup J-Jg le¥2 - 1|2 (E(dz)f,f)
£N0 t

v

jlim -12- le¥2 - 1)2 (B(d2)f,f)
£90 t

flzl2 (E(dz)f,f),

so that f Dbelongs to the domain of the transformation

7

J 2E(dz)f and the preceding argument applies.
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We translate now the conditions on the pt(E) into con-
ditions on the generator M by means of two remarks, whose
proof we leave to the reader.

First, consider two probability semi-groups Sl and 82

t t
with generators M1 and M2. For Sé and S% to commute for
all positive s and t it is necessary and sufficient that

uiM2e = 2MYf for all f belonging to .

Second, 1let St be a probability semi-group with generator

M, associated measures pt(E), and associated linear functional
A, Then A'f = A(foJ) 1is obviously a linear functional which
defines the generator M' of a probability semi-group S

ct

The measures associated with Sé are precisely the pé(E) = pt(JE).

From these remarks it follows that the statements

P, * p{ = p{ * p and p% = p, are equivalent respectively
to StS£ = St':St and Sé = St and hence to MM'!' = M'M and
M = Mt,

Let us consider the special case in which

Af = / [f(o) - £(e)] G(do)
:/7-8

with G a bounded measure on (, - e. Then T, 1is normal if
and only if G ¥ G!' = G' # G. The necessity follows at once
from the fact that G 1s the weak limit of the measures

%pt(E) and the sufficiency is proved by noting that the infini-
tesimal generator N of the Tt is defined on all of L2 by

the formula

NEL(D) = f [f(vo) - £(2)] G(do),

al

4o
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and using the same reasoning as for the transformations Tt'
It is hardly worthwhile to write down the commutativity of M
and M' 1in the general case in terms of the three components
of M, for the relations are too cumbersome to be of use.

The condition M = M! 1is equivalent, as we have seen, to
the fact that A can be written in the special form (2), with
of course G(a) = 0 if we are dealing with the transformations

Tt'
Vie have proved incidentally that Al and A2 occuring
in the resolution of the infinitesimal generator N are

always normal and that A2 is even self adjoint.
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